Introduction
IN this paper we extend the theory of thin groups of prime-power order in a direction suggested by the theory of groups of prime-power order with fixed co-class, [9, 14] . Moreover, we have found it helpful to use associated Lie algebras in this study.
Let p be a prime. Recall that a group of p-power order is thin [2] if all the anti-chains in its lattice of normal subgroups are short. Here an anti-chain in a lattice is a subset of pairwise incomparable elements; and by saying that anti-chains are short we mean that they have length at most p +1. In fact, the definition extends to pro-/? -groups, and their lattices of (closed) normal subgroups.
Thus p -groups of maximal class, or co-class 1, are examples of thin groups; for the theory of groups of co-class 1 see [10] . Examples of thin infinite pro-p-groups are the binary p-adic group, [7, 111.17] , and the Nottingham group [9,15]. Brandl, Caranti and Scoppola [3] have shown that metabelian thin p-groups have order at most p 2 ?. It is clear that the lattice of normal subgroups of a non-(pro-)cyclic (pro-)p-group has anti-chains of length p +1. To avoid trivialities, it is convenient to exclude (pro-)cyclic groups from our consideration of thin groups here. The only thin abelian p-group is thus elementary of order p 2 ; its lattice of normal subgroups we refer to as a diamond. It follows that the commutator factor group of a thin group is elementary of order p 2 , so that thin groups are 2-generator groups, and every factor of the lower central series has exponent p and order at most p 2 . It also follows (see [2, 3] and the next section) that every non-trivial normal (closed) subgroup in a thin group lies between two consecutive terms of the lower central series so that in a thin pro-p-group all normal subgroups are of finite index, that is, open. Thus the lattice of normal subgroups of a thin group looks like a sequence of diamonds linked by chains. The groups of co-class 1 are those with just one diamond on top, representing the commutator factor group. We have nothing new to say about these groups, so that we exclude them from consideration here. This means, in particular, that the prime 2 is excluded [7, III.II.9] .
It is well-known that the length of the chain between the first two diamonds is an odd number less than p (see [7, 111.14] or the next section). We call this the first chain of the group. In the binary p-adic group the first chain has length 1, and in the Nottingham group it has length p -2. Our first result is: THEOREM We will show these bounds are best possible. We prove this theorem by going over to the associated Lie ring. We exploit this approach more fully in our main result. 6 , then L has one of two isomorphism types.
Mattarei [12] has shown that there are pro-p-groups which have as their associated Lie algebras the algebras of Theorem 2.
In the case of Theorem 1, the associated Lie algebra of maximum order is also unique. This is not the case for groups. The groups constructed by Ascione [1] show that the conclusion of part (b) of Theorem 2 does not hold for p = 3. Ziegler [16] has constructed an infinite pro-5-group whose associated Lie algebra has the same lower central dimensions as the algebra in part (a) of Theorem 2.
The remaining cases, that is, the case of first chain length p -2, and the case in which the first chain length is 1 and the class-four factor group has order p 1 , appear to be more complicated. In getting the results described here we have been strongly guided by computations done with the ANU p-Quotient Program, see [6] and the Nilpotent Quotient Program, see [13] . The results themselves, apart from two minor comments, do not depend on any computations. Some brief remarks about unusual features of the computations are made in the final section.
Preliminaries
For a group G, we let G t = G, and recursively G l+] = [G h G], for i 5 s 1, denote the terms of the lower central series. The associated graded Lie algebra (see for instance [8] 
where L, = Gj/G i+V We will write the Lie product in a Lie algebra simply as [uv] , separating elements with commas only when confusion might arise.
Let p be a prime, and let G be a pro-p -group; this includes the case that G is a finite p-group. For the theory of pro-p-groups we refer to [5] . In the rest of the paper, we will say that G is thin if the anti-chains in the lattice of normal subgroups of G are of length at most p +1 and, to exclude the cases mentioned in the introduction, there are at least two anti-chains of length p + 1.
If a group G is thin, then G has the following property for each non-trivial normal subgroup N of G there is an i such that
To prove that the latter property holds in a thin group, note first that the terms of the lower central series of a thin group are open, as the factors are elementary abelian of order at most p 2 . Thus the terms of the lower central series in a thin group form a basic set of neighbourhoods of the identity. We also need the following. Proof. We deal with the case of inequality; the equality case follows. We first prove, by induction on ;, that for all ; s* 1, we have NG, +j > G,. The basis of the induction is provided by our hypothesis, so suppose ;5s2, and iVC+y., 3=G,. Commuting both sides with G, we get [N, G] G i+j 2* G, +1 . Multiplying both sides by N, we get NG i+j = N[N, G]G i+ , s* yVG,+i s= G,. Now in the finite case one can take / greater than the nilpotency class of G, to get N 5= G,. In the pro-p case, a limit argument gives the same result, as the terms of the lower central series form a set of basic neighbourhoods of 1.
To prove that a thin group G satisfies (NP), suppose that N is a non-trivial normal subgroup of G. There is an i such that N=s G,_ 1( and N^d.
By the Lemma it suffices to prove G, s£JVG (+1 . 2 , contradicting the assumption that G is thin. If G, = {1}, there is nothing to prove, so take |G,|=p, and |7VG,|=p 2 . As G,_, is non-central, we have NGi<Gi-\. The p +1 maximal subgroups of G,_i containing G, are normal in G, and the p +1 proper subgroups of NG t «£ Z(G) are also normal in G. Of these 2p, those other than G, and NGj, form an anti-chain, so that we get a contradiction.
Now consider an element g of a thin group G, and suppose g e G,\G 1+1 . The normal closure N of <g) is contained in G,, but not in G,+i. It follows from the above that We say that the graded Lie algebra L = ©°°=i L t over the field F p with p elements is thin if L t has dimension 2, L has dimension at least 5, L is generated by L u the covering property holds in L, and L does not have co-class 1.
Note that the covering property implies that an infinite-dimensional thin Lie algebra has trivial centre. Also, a pro-p -group G is thin if and only if its associated Lie algebra L(G) is thin. To show this, it remains to prove that if the Lie algebra L(G) is thin, then so is the pro-p-group G. Let M be any normal subgroup of G, and suppose
and so M^G, by the Lemma. Therefore every anti-chain of normal subgroups has length at most p + 1 and the group is thin.
We recall the following standard identity, which will be crucial in the following We now illustrate a use of (*) in our context, by proving the well-known fact (stated in the introduction) that if the p -group G has nilpotency class k >2, and G/G k is of maximal class, but G itself is not, then k has to be odd. The proof of it displays our basic calculation. A group G with the above properties has to be thin, with first chain length The second method consists in calculating
as [cic*_ 2 ] = 0. Proceeding by induction, one gets
Since [c A _i.y]?*0, we get that k is odd.
Proof of Theorem 1
Let now L be the graded Lie algebra associated with the lower central series of a thin group. So L is a thin graded Lie algebra over the field F p . We work with p > 5, and suppose, more generally than in the statement of Theorem 1, that the first chain length is l u with l</j<p-2, or equivalently, that the next diamond after L x occurs in class k = /, + 2, so that 3<k<p. As remarked earlier, k and /, are odd. Also, define 
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Now k(k -1) 7-* 0, as 3 < k < p. It follows that
From (t) we also get, commuting twice with x, We will see in the next section that there is an infinite thin Lie algebra with first chain length three. Remark 2. For 3 < /, < p -2 the above argument shows that L has generators x,y satisfying certain relations and so has class at most /, + 4 and dimension at most l\ + 6. Conversely an algebra with such a presentation is thin with first chain length l t . The algebra so presented can be seen to have class /, + 4 and dimension /, + 6. We can show a little more. There are thin groups of order p' t+6 and class /, + 4 with first chain length l)\ in fact at least two isomorphism types. We give a brief description of such groups.
Let B be the free group of exponent p and class 2 generated by 
The Lie algebra with first chain length three
We will now construct for p > 5 a Lie algebra with /, = 3 for part (a) of Theorem 2, and show it is unique. We begin by taking a free eight-dimensional module 3" over the p-adic integers Z n with basis 
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Checking the Jacobi identity on all three-element subsets of the given basis, one sees that the above actually defines a Lie algebra structure on 3~, and that the following It is seen immediately that the terms of the lower central series of 3ã re 5, = ST, ST 2 = (c, d,v,s,t,w)+ pST, 8r 3 = (d,v,s,t,w) We now grade ST with respect to its lower central series to get an algebra over the field F p , where 7j = ^/^+i. This algebra is clearly infinitedimensional and thin, with the dimensions of the lower central factors periodic with period 2, 1, 1, 1, 2, 1.
Let now L be the graded Lie algebra over F p generated by the elements x and y of weight 1, with defining relations [yxy] = [yxjr^jrj:] = 0. Note that these relations hold in 9~, and thus in T. Therefore T is a factor of L. We will see that there is an ideal U of L contained in its centre Z(L), such that L/U=T. As Z(T) = {0}, we will get U = Z(L), and the uniqueness of T. This will prove part (a) of Theorem 2. No confusion should arise with the notation of the previous section. Similarly one has the following equalities in the algebra L: Putting all these together one gets
Now expanding
Therefore so that (A: + l)d k = 0. It follows that d k can be non-zero only for k = -1 (modp). Calculations using the ANU p -Quotient Program actually show that for p = 1 the element # 6 is non-trivial in L.
Thin Lie algebras with first chain length one
Let L=®T=yL, be a graded Lie algebra of characteristic p>3, generated by elements JC, y of weight one, and suppose L/ ©°°= 5 
Computations
Some computations were done to calculate consistent presentations for certain nilpotent quotients of groups given by finite presentations using the ANU p-Quotient Program [6] and the Nilpotent Quotient Program, [13] . These showed that certain natural approximations were not suitable in the group context.
The suggestion that the graded Lie algebra over the field with p elements defined by {x,y: [yxy] = [yxxxxx] = 0} might be close to being thin and infinite dimensional came from computing a consistent product presentation for some nilpotent quotients of this algebra for various small primes [6] . This was done using the p -Quotient Program. This program was written to compute consistent power-commutator presentations for quotients of prime-power order of groups given by finite presentations [4] . The algorithmic ideas for computing consistent product presentations for graded Lie algebras over prime fields are similar, and simpler. Fortunately the program is so written that it is possible to follow the apparently perverse path of using it to produce output which can be interpreted as a consistent product presentation. For example, for the graded Lie algebra over the field with 7 elements defined by 
